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The extremal function Ex(u,n) (introduced in the theory of Davenport-Schinzel sequences 
in other notation) denotes for a fixed finite alternating sequence u = ababa.., the maximum length 
of a finite sequence v over n symbols with no immediate repetition which does not contain u. 
Here (following the idea of J. Ne~et~il) we generalize this concept for arbitrary sequence u. We 
summarize the already known properties of Ex(u,n) and we present also two new theorems which 
give good upper bounds on Ex(u,n) for u consisting of (two) smaller subsequences u i provided 
we have good upper bounds on Ex(ui,n ). We use these theorems to describe a wide class of 
sequences u ("linear sequences") for which Ex(u,n)= O(n). Both theorems are used for obtaining 
new superlinear upper bounds as well. We partially characterize linear sequences over three 
symbols. We also present several problems about Ex(u,n). 

1. Introduction 

In  th i s  p a p e r  we sha l l  i n v e s t i g a t e  t h e  m a x i m u m  l e n g t h  Ex(u,  n) of  f in i te  se- 
quences  over  n s y m b o l s  n o t  c o n t a i n i n g  a f ixed s equence  u. W e  sea rch  for s equences  
u for w h i c h  t h e r e  is a l inea r  u p p e r  b o u n d  on  Ex(u ,n ) .  W e  cal l  t h e m  linear se- 
quences .  

F i r s t  we g ive  a b r i e f  i n f o r m a l  o v e r v i e w  of  r e su l t s  c o n c e r n i n g  e x t r e m a l  p r o b l e m s  
of  th is  t y p e  ( b e l o n g i n g  to  a b r a n c h  wh ich  cou ld  be  ca l l ed  " e x t r e m a l  t h e o r y  of  
s e q u e n c e s " ) .  A f t e r  t h a t  al l  n e c e s s a r y  de f in i t ions  wi l l  be  i n t r o d u c e d .  T h e  first  s ec t ion  
conc ludes  by  t h e  f o r m u l a t i o n  of  ou r  m a i n  resu l t :  we p r e sen t  two  o p e r a t i o n s  wh ich  
e n a b l e  us to  de r ive  u p p e r  b o u n d s  on Ex(u ,n )  f r o m  u p p e r  b o u n d s  for s h o r t e r  u. In  
t h e  s econd  sec t ion  we s u m m a r i z e  t h e  p r o p e r t i e s  of  Ex(u,  n) w h i c h  are  usefu l  in t h e  
proofs .  In  t h e  t h i r d  s ec t ion  we show four  a p p l i c a t i o n s  of  our  o p e r a t i o n s :  we p rove  
t h e  l i n e a r i t y  of  c e r t a i n  r e l a t i v e l y  c o m p l i c a t e d  sequences ,  we show on  e x a m p l e s  h o w  
to  de r ive  n o n l i n e a r  u p p e r  b o u n d s  on  Ex(u,  n), we discuss  t h e  l i n e a r i t y  of  s equences  
ove r  t h r e e  s y m b o l s  a n d  we d e s c r i b e  w h i c h  l inear  s equences  we are  ab le  t o  o b t a i n  a t  
p resen t .  T h e  r e m a i n i n g  two  sec t ions  are  d e v o t e d  to  t h e  p roofs  of  t h e  m a i n  t h e o r e m s .  
I n  t h e  s econd  a n d  in t h e  t h i r d  sec t ions  we l ist  s o m e  p r o b l e m s  w h i c h  m i g h t  s t i m u l a t e  
f u r t h e r  r e sea r ch  in th i s  area .  

1 Supported by "Deutsche Forschungsgemeinschaft", grant We 1265/2-1. 

AMS subject classification code (1991): 05 D 99 
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1.1 History 

Davenport  Schinzel sequences are finite sequences over n symbols with no im- 
mediate repetit ion of the same symbol which contain no five-term alternating sub- 
sequence (or, more generally, no alternating subsequence of the length s). Day- 
enport  and Schinzel posed [4] the problem to estimate the max imum length of 
such sequences. They proved in [4] Ex(ababa, n) = O(n.  logn) (Ex(ababa,n) -- 
O(n. logn/ loglogn)  in [5]) and Ex(ababab... , n ) =  O(n.  exp(x/~) (s fixed) which 
was improved by SzemerSdi [14] to Ex(ababab... ,n)=O(n.log* n). As usual log*n 
denotes the minimum number of iterations of the power function 2 m (starting with 
m = 1) which are needed to get a number bigger or equal to n. However, the problem 
whether Ex(ababa, n ) =  O(n) remained open until 1986 when it was answered [7] 
by Hart  and Sharir in the negative: they proved Ex(ababa, n )=  O(n. c~(n)) where 
(~(n) is the inverse to the Ackerman function and goes to infinity but extremely 
slowly. Later simpler constructions proving Ex(ababa, n )=  ~(n .  c~(n)) were found 
([11], [15]). M. Sharir [12] derived the upper bounds (ababab... is of the length s) 

Ex(ababab . . . , n) = O(n . o~(n)O(a(n)~- 5)). 

Agarwal, Sharir and Shor [3] found almost tight upper and lower bounds: 
8 - - 5  

Ex(ababab . . . , n) < 

Ez(ababab. . . ,  n) < 

n "  2 ( ~ ( n ) ) ~  l~ o ~ ( n ) 4 - C s ( n )  

8 - -4  

n .  2(~(~)) ~-- +c~(~) 
8 - - 4  

for s >_ 5 odd 

for s _> 6 even 

Ex(ababab.. ., n) -- ~(n  . 2 K~'(c~(n))''~ +Q~(n)) for s > 6 even 

1 where Ks = ~ and the functions Cs(n) and Qs(n) are asymptot icaly smaller 

then the main terms in the exponent. For s -- 6 they found a stronger estimate 
Ex(ababab, n) = O(n.  2~(n)). 

Fiiredi and Hajnal  [6] investigated a similar problem what is the maximum 
number of l ' s  in a 0-1 matr ix  of the size n • n if some configurations are forbidden. 

The pr imary motivation of Davenport  Schinzel sequences was geometrical and 
now they play an important  role in computat ional  geometry. See the books [2] and 
[13] for more information and references. 

The function Ex(u,  n) extending functions Ex(  ababa, n) resp. Ex(  ababab. . . , n) 
was defined in [1]. Note here that  this definition which follows in the next subsection 
was suggested by J. Ne~etfil. Some other results from [1] will be mentioned in the 
second section. In [8] it was proved tha t  

E X ( U ,  n )  = n "  2 0 ( ~  

(lu] denotes the length of u) for any fixed finite sequence u. Thus, from the practical 
point of view, Ex(u ,n)  has a "linear" upper bound for any u. In this paper  we study 
the question for which u actually E x ( u , n ) =  O(n) and we give a partial  answer to 
it. It  is easy to prove that  it holds for u - - a b a b  but it is not so easy to prove the 
same thing for u = aabbaabb. The more generM sequence 

x l  �9 � 9  X l X 2  �9 �9 �9 x 2 .  � 9  X k  �9 �9 �9 X k X l  � 9  X l X 2  �9 �9 �9 x 2 .  �9 . X k  �9 �9 �9 X k  

is linear as well ([9]) but here we prove stronger results. 
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1.2 Definitions 

For  any finite sequence u we deno te  by  lul the  length of u, by  S(u) the  set of 
all  symbols  occur r ing  in u and  by  Ilull the  size of S(u).  Thus  Ilul[ _< lul for all  u. 
The  sequences for which equa l i t y  is achieved are  cal led chains. Hence in chains no 
symbo l  repea ts .  

Two sequences u = a la2 . . . an  and  v = blb2...bn of the  same length  are 
equivalent if the re  exis ts  a b i j ec t ion  f :  S(u) --+ S(v) such t h a t  f (a i )  = b i for all  
i - -  1 , 2 , . . . , n .  Thus  u and  v coincide af ter  a r enaming  of symbols .  The  n o t a t i o n  
u C v means  t h a t  u is a subsequence of v. We say t h a t  v contains u, formal ly  u-~ v, 
if u is equivalent  to  some t, t C v. 

We will  refer to  the  occurrences  of a symbo l  a E S(u) in the  sequence u as to  

a-occurrences. The  sequence u =  aa. . .  a, lul = i  is de no t e d  shor t ly  by  a i. 
The  mi r ro r  image  an. . .  a2al of the  sequence u = ala2. . ,  an is de no t e d  by  ~. 

The  sequence u = a la2 . . . am is cal led k-regular if a i = aj~ i ~ j impl ies  ] i - j l  >_ 
k. Thus  any at  most  k consecut ive  e lements  in u are  different to  each other .  
D a v e n p o r t - S c h i n z e l  sequences are  2-regular .  

Definition 1.2.1 

E x ( u , n )  = max{Iv  I I u ~ v ,v  is Ilull-regular, Ilvll < n}, 

where  u is a fixed sequence,  v is a r b i t r a r y  sequence and  n > 1 is an integer.  
We inves t iga te  the  behav iou r  of th is  funct ion  for u fixed and  n growing to 

infinity. Somet imes  a more  genera l  def ini t ion will  be  useful: 

Definition 1.2.2 

E x ( u , n , l )  = max{Iv  I [ u ~ v ,v  i s / - r e g u l a r ,  Ilvll _< n}, 

where  l _> I1~11 is an integer.  
Obvious ly  E x ( u , n ) =  E x ( u , n , l ) =  II lt- 1 for any  chain  u and  Ex(u,n,1)>_ n 

for any  noncha in  u. Also E x ( a i , n ) =  ( i - 1 ) n  and  Ex(abab, n ) = 2 n - 1 .  Our  in teres t  
is focused on the  set 

Definition 1.2.3 

L i n  : {u I E x ( u , n )  : O(n)} .  

We call  i ts  e lements  linear sequences.  O the r  sequences,  for ins tance  ababa, are 
cal led nonlinear. 

1.3 Results 

The  following two theo rems  are the  ma in  resul t  of th is  paper .  

T h e o r e m  A. Suppose that u = ula2u2 and v are  two sequences such that 
S(u) A S(v) = 0 and a is a symbol. I f  v is not a chain then EX(Ulavau2,n) = 
O(Ex(v ,  2Ex(u,  n))). In the case v is a chain Ex(ulavau2,n)~_ Ex (u ,n )  holds. 

T h e o r e m  B. Suppose a,b are  two symbols and U=Ula2u2 a is a sequence such that 
b • S(u).  Then Ex(ulabiau2ab i, n) = O(Ex(u ,  n)) for any i >_ 1. 

We are in te res ted  in l inear  sequences.  For  t h e m  it follows i m m e d i a t e l y  
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Consequence  A. Let  u , v E L i n  be as in Theorem A. Then  u l a v a u 2 E L i n .  

Consequence  B. Let  u E L i n  and b be as in Theorem B. Then  ulabiau2ab i E L i n  
for all i>  1. 

We use b o t h  consequences in the  obvious manner :  by. r e p e a t e d  app l i ca t ions  of 
b o t h  t r ans fo rma t ions  u, v--* u lavau2  and u--+ ulabiau2ab ~ we can genera te  a wide 
class of l inear  sequences.  

2. Properties of Ex(u,n) 

Fact  2.1. Suppose two sequences u and v and two integers l > k > I[ul[ are given. 
Then  for any n >_ 1 

1. Ex(u,n,k)  is ~nite and E~=(u,n,~)=O(lul'  Ilull .~H~ll). 
2. E x ( u ,  n, l) <_ E x ( u ,  n, k) <_ ( E x ( u ,  l - 1, k) § 1)Ex(u ,  n, l).  
3. If v ~ u  then E x ( v , ~ ) = O ( E x ( u , n ) ) .  Especially if  u is linear then ~ is linear 

too. 
4. E x ( u , n ) = E x ( g , n ) .  

Proof .  The  first c la im follows f rom a p igeonhole  a r g u m e n t a t i o n  (we men t ioned  in 
the  I n t r o d u c t i o n  t h a t  a far s t ronger  e s t i m a t e  holds ([8])). The  second inequa l i ty  in 
the  second c la im is ob t a ined  by  de le t ing  occurrences  by  a greedy  a lgor i thm.  For  
b o t h  proofs  we refer to  [1]. The  first inequa l i ty  as well as the  four th  c la im are  obvi-  
ous. We prove the  t h i r d  claim. Suppose  w is a Ilull-regular sequence not  con ta in ing  
v. Hence i t  cannot  conta in  u and  therefore  E x  (v,n,  I I u I I) <- E x  (u ,n ,  II u I I) = E x  (u, n). 
The  second inequa l i ty  in 2. yields the  e s t ima te  

E x ( v ,  n) ---- E x ( v ,  n, Ilvll) -- O ( E x ( v ,  n, Ilull) -- O ( E x ( u ,  n)) .  ! 

The  reason why we exclude from the  following cons idera t ions  chains is t h a t  the  
e x t r e m a l  funct ion of any  chain  is cons tan t  and  hence for these  s ingular  sequences 
the  nice e s t ima te s  are  not  valid.  

Fac t  2.2. Suppose u, v and w are three sequences, i > 2 , j  > 2 are  two integers and 
a is a symbol  such that  au is not  a chain. Then  for n > 1 

1. E x ( a i u , n ) = O ( E x ( a u ,  n)), E x ( u a i , n ) = e ( E x ( u a ,  n)). 
2. E~(~aJv,  ~) = o ( E x ( ~ 2 ~ ,  ~)). 

Proof. See in [1]. | 

Let  us re formula te  Fac t  2.2. Suppose  the  sequence u is w r i t t e n  in the  "expo- 
i l  i2 ir  nent ia l  form" u = a I a 2 . . .  a r , a i 7[= a i+l , i j  _> 1 (note  t h a t  i l  = i2 . . . . .  ir = 1 iff u 

is 2-regular) .  The  reduced  sequence is defined by red(u)~-~a j l a l  2 . . . a  j~ where  j l  = 
Jr = 1 and Jk = min{2 , ik}  for 1 < k < r .  The  fully reduced  sequence is defined by  
f r e d ( u )  = a la2 . . ,  at. 

Fact  2.3. E x ( u , n )  = O ( E x ( r e d ( u ) , n ) )  for any sequence u and any integer n > 1 
provided that  red(u)  is not  a chain. 

Proof .  Follows from the  previous  Fac t  2.2. | 
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There  is the question whether  E x ( u ,  n ) =  O ( E x ( f r e d ( u ) , n ) )  (suppose f r e d ( u )  
is not  a chain) which is equivalent to  the following problem. 

P rob lem 2.1. Does  E x ( u a 2 v , n )  = O ( E x ( u a v , n ) )  ho ld  for any  s y m b o l  a and all 
sequences u, v (prov ided  u a v  is n o t  a chain)?  

Fact 2.4. S u p p o s e  i > 1 is an integer,  u is a sequence  over two s y m b o l s  (llull _< 2) 
and a, b are two symbols .  T h e n  

1. a W a W  is linear. 
2. ababa is nonl inear.  
3. u is non l inear  i f f  ababa -~ u. 

Proof .  For the proof  of the first s ta tement  we refer to [1]. Or apply Consequence 
B to the  sequence a 2i. The  second claim is proved in [7]. 

We deduce the last s ta tement  from the first two. If  ababa ~ u then  clearly u is 
nonlinear. If  the sequence u is over two symbols and does not contain ababa then  
clearly u = a ral b m2 a ma b m4 where m i _> 0. Thus  u -~ a m b m a m b  m for m = m a x ( m / I  i = 
1,2,3,4) and u is linear according to 1. and according to 3. of Fact  2.1. | 

3. Applications of Theorems A and B 

3.1 Linear i ty  of  abcdcbabcd 

The sequence w ( k , i )  i i ai ai ai - - a l a 2 " ' "  k .1  2""a~k which we ment ioned in the Intro- 
duct ion is a k-symbol  analogue of a~b~a~b ~. It  was proved in [9] by methods  different 
f rom those presented here tha t  w ( k , i )  is linear. Now we prove a s tronger result. 

Theo rem 3.1.1, T h e  sequence  z ( k , i )  = ai a i i i i i i, i i i 
1 2 " " a k - l a k a k - l ' " a 2 a l a 2 " - a k - l a k  , 

where  the  s y m b o l s  a l ,  a 2 , . . ,  a k are m u t u a l l y  d is t inc t ,  is l inear for all i, k >_ 1. 

Proof.  By  induct ion on k. For k-= 1 the sequence z ( 1 , i ) =  a 2i is linear. Suppose 
tha t  the assertion holds for k > 1. Thus  i i a i a2ia i a i a i a i a i i j 

a la2" ' "  k - 1  k k - l " ' "  2 1 2 " "  k - l a k  ~ 
z ( k ,  2i) is linear because z ( k ,  2i) is a linear sequence. Applying Consequence B we 
conclude tha t  z ( k  + 1,i) is linear as well. | 

3.2 Superlinear bounds 

Despite the fact tha t  we stress the linear case here we cannot  resist the temp-  
ta t ion  to present an applicat ion of our theorems to  nonlinear sequences. The  diffi- 
cul ty is t ha t  the s trong superlinear bounds  of [7] and [3] were derived only for the 
2-regular case and we need a bit more here. However, it may  be checked tha t  the 
method  of [7] giving E x ( a b a b a , n )  = O(nc~(n))  works for a~b~aibia i as well and so 

= We present two examples  of new strong superlinear 
upper  bounds.  I t  is possible to  derive other  similar results. 
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Theorem 3.2.1, 

f ] (na(n)  ) = Ex(abacdcdcaba,  n) = O(na2(n ) )  

Proof .  The lower bound  follows trivially from ababa -~ abaedcdcaba. The upper  
bound  follows from Theorem A: 

Ex(abaedcdcaba,  n) = O( Ex(ababa,  2Ex(aba2ba,  n) ) ) = 

= o ( o ( ~ ( ~ ) ) .  ~ ( o ( ~ ( ~ ) ) ) )  = o ( ~ 2 ( ~ ) ) ,  

where o~(O(nc~(n)))=O(c~(n)) follows from the extreme slow growth of c~(n). | 

Theo rem 3.2.2. 

Ex(abacdeabacd,  n) = e ( n ~ ( n ) )  

Proof .  This result follows from Theorem B: 

Ex(abacdcabacd,  n) = O(Ex(abac2abac,  n) ) = O(Ex(aba2ba,  n) ) = O(nc~(n) ). | 

3.3 Linear sequences over three  symbols 

The third  point of Fact 2.4 gives a complete character izat ion of linear sequences 
over two symbols. We would like to obtain  a similar character izat ion for the whole 
set Lin of linear sequences but this seems to be a hard task. Though we are unable 
to decide linearity even in the slightly more general case of sequences over three 
symbols, we give for these sequences a characterization theorem which puts away 
only few sequences as undecided. 

Theo rem 3.3.1. Suppose u is a sequence over three symbols  (ll~ll s 3) and nei ther  
u nor ~t contains any of  the three sequences 

ababa cababcb acbabcb. 

Then  u is a linear sequence. 

Proof.  Suppose tha t  ababa 7~ u. It is not  difficult to show tha t  any 2-regular se- 
quence u, ababa ~ u, Ilul] _< 3 is contained in one of three sequences u l  = ababcbc, u2 = 
abcbabc and u3 = acababcb. Thus ababa ~ u, |lull _< 3 implies u -< ul ( i )  or u -~ u2(i) 
or ~-< ~3(i) (for large i) where ~ 1 ( i ) =  a~b*a~b~c~V~c ~, similarly for ~2(i) and ~3(i). 
But,  as may  be deduced from Consequence B and Fact 2.4.1., ul ( i )  and u2(i) are 
linear (actnany ~2(i) = z(3,i)).  Hence ~ is linear or ~ ~ ~3(i). 

Using Consequences A and B it may  be proved tha t  any subsequence of u3(i) 
which does not  contain any of the four sequences sl  = cababcb, s2 = acbabcb, s3 = 
aeabacb and s4 =acababc is linear. Thus  u is linear or u>- sj  for some j C {1,2,3,4}.  
But  81 is equivalent to 8- 4 and s2 is equivalent to  s-3. We are finished. | 

In  the opposite direction we are able to  say only tha t  ababa -4 u implies 
the nonlineari ty of u. The  linearity of three sequences over three symbols u3 = 
acababcb, s l  = cababcb and s2 = acbabcb remains open. 

P rob lem 3.3.1. Are u3 , s l  and s2 resp. ua ( i ) , s l ( i )  and s2(i) linear? 
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3.4 How to get many linear sequences 

We conclude this section by a compact  description of the widest class of  
sequences M such tha t  M C_ Lin may be proved from above. 

Let  M be the  minimal  (to inclusion) set of sequences satisfying the following 
rules 

1. a i ~ M  for any symbol  a and any integer i,i>_ 1. 
2. If  u = ula2u2 and v (a is a symbol)  are two sequences of ~J such tha t  

S(u)NS(v )=O then ulavau2 lies in M as well. 
3. If  u = ula2u2a (a is a symbol)  is a sequence of M and b,b ~ S(u)  is a new 

symbol  then ulabiau2ab i lies in M for any i _> 1 as well. 
4. I f  u is a sequence of M and v,v -~ u is another  sequence then v lies in M as 

well. 
5. If  u is a sequence of M then g lies in M as well. 

Then  

Theorem 3.4.1. M C_ Lin. 

Proof .  We see immedia te ly  tha t  the first and the last two rules preserve linearity 
and hence it suffices to prove only tha t  the set Lin is closed on the second rule as 
on the th i rd  one. But  this is exactly the s ta tement  of Consequence A and B. I 

We present, as a concrete example of an applicat ion of the previous theorem, 
three linear sequences. The  reader will be surely able to establish how the previous 
five rules were used to derive these sequences as well as (s)he will be able to obtain  
m a n y  others. 

Example  The  following three sequences belong to M and therefore they  all are 
linear: 

ababcbcdcdedefefgf9 ccaaecaabbdefedefbabb ecaaceabg99bdefedefbbbaabbgg. 

I t  is wor th  not ing tha t  u E M iff fred(u) E M. Hence the answer to Problem 
2.1 is affirmative if we restrict  ourselves to M.  This supports  the conjecture tha t  
the change of any exponent  in u does not influence (except the trivial case of a 
chain) the growth rate of Ex(u ,n) .  

Problem 3.4.1. Characterize the set Lin. Are there 2-regular linear sequences over 
n symbols which are longer than 3 n -  2 ? 

This bound  is achieved for instance by z(n, 1) or by the sequences which are 
cons t ruc ted  as the first sequence in the  example above. 

Problem 3.4.2. Suppose B is the set o f  all m in imd  (to -~) nonlinear sequences. 
What  can be said about the elements orB? ls B ~nite? 

The  set Lin is closed to  -~ (u ~ v E Lin ~ u ELin)  and thus B characterizes 
Lin: u f~Lin iff there is a sequence v tha t  v E B,v-~ u. The set B serves for Lin 
as a collection of "forbidden pictures".  An  immedia te  observation is tha t  ababa E 
B. Another  observation,  nontrivial,  is tha t  the set B must  contain at least two 
elements: the simple and nice const ruct ion of [15] proving Ex(ababa, n ) =  a ( n a ( n ) )  
proves also implicitely Ex(w,  n) = a(nc~(n) ) where w = abcbadadbcd but  ababa 7~ w. 
Thus there is a sequence u*, u*r  ababa,u*-~ w, u*E B. For details we refer to [10]. 
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4. Proof  of Theorem A 

Suppose a is a symbol  and u = ula2u2 and v are two sequences such tha t  
S(u) US(v)=~. We denote by t the sequence ulavau2. 

We start  with the simpler case of Theorem A when v is a chain. Suppose w 
is a tltlI-regular sequence not containing t. We show tha t  w cannot  even contain u. 
Let s C w be equivalent to u. The Iltl[-regularity of w implies tha t  there occur Ilvll 
distinct symbols between the two "a's" in s which are not elements of S(s). Thus 
t -~ w which is a contradict ion.  We get an inequali ty Ex(t ,n,  ]ltl[) < Ex(u,n,  ][tll ). 
Hence Ex( t , n )=Ez( t , n ,  Il t l l)<_Ez(u,n,  lit[I)<_Ex(u,n, [lul[)=Ex(u,n). 

Before proving the first par t  O f Theorem A we give an auxiliary lemma. We say 
tha t  a nondecreasing integral function I :  {1,2 , . . .}  --+ {1, 2 , . . .}  is bi 9 if ~ i  f(ni)  <_ 
c f ( ~ n i )  for some fixed constant  c for any sum of integers ~ i n i  . 

Lemma 4.1. The function Ex(u,n) is big for any nonchMn u. 

Proof.  We call in this proof  a sequence u irreducible if there does not  exist a 
nontrivial  decomposi t ion u = u lu2  such tha t  S(Ul)A S ( u 2 ) =  O. Otherwise we call it 
reducible. It is easy to see tha t  Ex(u,n) is big with constant  c =  1 for any irreducible 
u. Indeed, if n = n l + n 2 + "  "+nm then by concatenat ion  of m I[uII-regular sequences 
vi, u ~ vi, II rill <_ ~i, I vii -- Ex (u ,  ~i), S ( vd  n S(v j )  = ~ we get a I I ull-regular sequence 
v = v~v2 ...vrn, IIvll _< ~ not  containing u which proves the desired inequality. To 
manage  the case of reducible sequences we need the following claim. 

Claim. Ex(ulu2,n) - O(Ex(ul ,n)  + Ex(u2,n)) for any two sequences Ul,U2, 
s ( ~ l )  n S(u2)  = 0 e~cept when I~11----1~21 = 1. 

Proof.  Suppose v is II~lll+llu211-regular, Ivl >_ c(E~(ue ,  Hvll)+Ez(u2,  Ilvll)) for some 
large fixed constant  c. We show tha t  this implies ulu2-~v. We split v=vlv2, ] v i i -  

Iv21- �89 IIv II) + E~(~2, II vii)). There is a sequence t, t C_ Vl equivalent to Ul. 
After  deleting all a-occurrences,  a e S(t) from v2 we get a Ilu2 ][-regular subsequence 
of v2 long enough to contain inevitably u2. Thus  ulu2-~v which proves the claim. 

For a given reducible nonchain sequence u we decompose u = UlU2... Urn where 
ui are irreducible and S(ui) are mutua l ly  disjoint. The  previous claim yields 
Ex(u,n) = O(Ex(u l , n )+Ex(u2 ,n )+  ... +Ez(urn,n)). Any term of this sum is 
a big funct ion and Ez(ui,n) : O(Ex(u,n)) (3. of Fact 2.1). Hence the l emma 
follows. | 

Now we are able to continue in the proof. Let u, v, t be as above, v is a nonchain 
and w is a !lt[I = [lull + Ilvll-regular sequence not  containing t. Let f :  {1,2 , . . .}  --* 
{1,2 , . . .}  be a nondecreasing big function tha t  will be specified later. We take the 
leftmost occurrence in w and add occurrence after occurrence mainta ining in every 
step the condit ion I~1 ~/( l l s l l )  for current ly const ructed  contiguous subsequence s 
of w. In case we get equali ty we finish s and star t  a new s by the next occurrence.  
On the end we get the decomposi t ion 

w = wlw~. . .WhWO,  [wi] = f([lwil l) , i  > 0, Iw0[ _< f(llw0[[). 

We need f (n) be sufficiently large but  not too much, we need namely:  
( , )  f ( 1 ) > E ~ ( t , 2 1 1 u l 1 - 2 ) .  
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(**) f ( n )  > i1@1 (11~11 + Ilvll)(Ex(v,n)-4-I1~11) for any n_> 1. 

(***) f ( n ) = O ( E x ( v , n ) )  for n_>l. 
Thus the choice f ( n )  = d E x ( v , n )  for a large constant d clearly meets all 

conditions (*),(**) and (***).  Obviously I ( n )  is nondecreasing and big because 
E x ( v , n )  is. For any i = 1 , 2 , . . . , h  let w * , w ;  C w i  be such that  IIw~ll = Iw;I = Ilwill 
(we take for any x E S ( w i )  exactly one x-occurrence). Thus I~l> 211~ll-m according 
to (*). Then we choose w i**, w i**C_ w i*(i > 0 ) such  that  Iw**l _> Iw*l-  ( l l u l l - l )  > 
1 �9 ~[wi[ and that  the two sequences 

Wod d = . . . .  w W 1 W 3 . . W h _ l ,  Weven = W 2 w 4 

(suppose for simplicity h is even) are Ilull-regular. This is achieved by deleting at 
most I1~11-1 occurrences from ~ ;  which equal to one of the last llull-1 occurrences 
of wi_ 2 . *  It suffices to show Wod d ~ ~, Weven ~r ~. Then 

h h h 

I~1 = ~ I~il + I~01 _< ~ / ( 1 ~ ; I )  + / ( l l ~01 l )  _< ~-~/(21w;*]) +/(11~011) = 
i=1 i=l i=1 

h h 

-- E f(21w;*l) + E f(2lw**l) + f(llw~ -< 
i odd i even 

(bigness of f )  

<_ cf(21Woddl) + cf(2]Wevenl) + f(llwll) < 2 c f ( 2 E x ( u ,  Ilwll)) + f(llwll) --- 

(proper ty  ( * * * ) )  

= 2 c d E x ( v ,  2 E x ( u ,  Ilwll)) + d E x ( v ,  II~ll) = O(Ex(~, 2Ex(u, II~ll))). 

Suppose now on the contrary that,  say, Wod d contains u (the sequence Weven is 
treated similarly). Thus u* -- u~(a*)2u~ C Wodd is equivalent to u. The two a*- 

�9 * * *  , 

occurrences must lie in two distinct segments w2i+l ,W2j§  < j for there is no 
�9 * and hence u~a*w2ja*u~ C w. Now we proceed as in the proof repetition in any w i 

of the claim above, we delete all x-occurrences, x E S(u*) ,  from w2j and obtain a 
Ilvll-regular subsequence ~ '  2j' Wl2j C W2j. Clearly 

Ilvll 1~2jl - II~ll, Iw'2jl > I1~11 + Ilvll 

which follows from the fact that  the deletion of all occurrences of a symbol from a 
k-regular sequence s yields a k -  1-regular subsequence s ~ of s of the length at least 
k~l( ls  [ - 1 ) .  But then, according to (**), 

Ilvll Ilull + I1~11 (Ex(v,  IIw2jlI) + I1~11) - Ilull = 
I ~ j l  > I1~11 + Ilvll Ilvll 

= Ex(~ ,  11~2jll) > Ex(~, IIw~jll) 

and v-~ wl2j. Consequently t = u l  avau  2 -~ w which is a contradiction. | 
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5. Proof  of Theorem B 

This  t heo rem is in some sense s t ronger  t h a n  T h e o r e m  A because  in T h e o r e m  
B the  sequence v = b 2i is spl i t  into two pa r t s  which are inser ted  in two places  of 
u, in the  midd le  and  on the  end. In  t heo rem A we pu t  s imply  the  whole v in the  
middle  of u. Therefore ,  one can expec t  a more  compl i ca t ed  proof.  We s t a r t  wi th  
th ree  p r e l i m i n a r y  lemmas.  

L e m m a  5.1. Let  1>_2 be an integer and let e , 0 < e < l  be a constant.  Suppose  v 
is a F~]-regular sequence. Then any  v1,~21 C v, I~11 _> ~1~1 contains a subsequence 
V2,V 2 C Vl such t h a t  

1. v2 is 1-regular, 
2. It,21_> ( f )~ lv l  . 

Proof .  Let  v and v 1 be  as descr ibed.  We spl i t  V = W l W 2 . . . W h W  where  Iwi] = F~l,i= 
1,2, h,l~l_< F~I. Set 

A = {i I Ire ~1 wil ~ l -- 1}, a = IAI, B = {i I I-1 n ~1 -> l}, b = IBI. 

Clear ly  

a+b=h= LI- IJ -< 

Further a(l- 1)+bF~l _> [Vl]_>cl~l. Hence ~1~1 < c -(zl~'l-b)(1- 1)+bF~] and 

-> T I~1. b_> F~1-1+1 
By a p p r o p r i a t e l y  t ak ing  one occurrence  f rom any VlNWi,  i E B we crea te  an 1-regular 
subsequence  v2, v2 C_ Vl,  Iv21 = b. I 

Suppose  u =  a la2 . . . a rn  is a sequence.  A n  interval I =  {aj ,a j+k}  in u is any  
cont iguous  subsequence  a j a j + l . . ,  aj+k,  k >_ 1 of l ength  at  least  2. In  the  case aj and 
aj+ k are  bo th  a-occurrences  we call  I an a-interval. A n  ordered sequence (u, <)  is 
a sequence enr iched by  a l inear  o rder  (S(u) ,  <) .  

Let  (u, < ) , u  = a l a 2 . . . a m  be an ordered  sequence ,  ai be an a -occur rence  in u 
(a e S (u ) )  and  c,d _> 1 be two integers.  We say t ha t  ai is (c,d)-covered (in u) if 
the re  is an in terval  I in u such t h a t  

1. a i C[ ,  
2. there  are  at  most  c a -occur rences  in I ,  
3. the re  are 2d occurrences  of d (not  necessar i ly  d is t inc t )  symbols  x j  E S ( u ) , j  = 

1. . .  d, x j  < a in I ,  each of these  symbols  occurs  twice in I .  

L e m m a  5.2. For any 2-regular ordered sequence (u, <)  and any integer r >_ 2 either 
lul _< 720rllull or  there  are  a t  least 1 lu I occurrences in u which are  (Sr, r-1)-covered.  

Proof ,  We can suppose  t h a t  S(u)  = { 1 , 2 , . . . , n }  and  t ha t  < coincides wi th  the  
s t a n d a r d  order  of integers.  We will define by  induc t ion  sets Uo, U1, . . . ,  Un of dis joint  
in tervals  in u. For  any j = 1 ,2 , . . .  , n  the  set Uj will conta in  some k- intervals ,  k = 
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1,2 , . . .  , j .  First  put  U0 =~). Fix j and suppose tha t  the set gj_ 1 have been defined. 
We split all j -occurrences  in u in m 8r-tuples T1,T2,. . .  Tm and a residual tuple T 
of the size at most  8r - 1 so tha t  T1 consists of the 8r leftmost j -occurrences,  T2 
consists of the next 8r j -occurrences  etc. Define 

b~ = {i I at least one j -occurrence  of T i is not  (8r, r - 1)-covered}. 

The  elements of Ti, i E 3~ group in 4r  pairs (x, z f) of consecutive elements generat ing 
j- intervals  (x, x'}. The  set Uj consists of all those intervals (x, x'} and of all members  
of Uj-1 not  intersecting them.  Now, crucially, 4r  intervals (x, x I} corresponding to 
one Ti,i E]j intersect all together  at most  (r - 2) + 2 = r intervals of Uj-1.  This 
holds by  the definition of 5ej. Thus  

Igjl  _> 4 r lS j l  + I g j - l l  - rlJjl = a~ISj l  + Igj-ll 
and 

T~ 

j = l  

Since u is 2-regular and Un consists of disjoint k-intervals, 

n 

j = l  

The number  of occurrences in u which are (8r, r - 1)-covered is therefore at least 
(suppose lul ~_ 720rn) 

n 
8r tu 1 1 

j 1 

In the remaining lemma we force the symbols xj to  be distinct. Suppose 
(u ,< ) ,  u = ala2 . . .am is an ordered sequence, v C u is a snbsequence, y E v is an 
a :occurrence  (a E S(u))  and e,d _> 1 are two integers. We say tha t  y is s t rongly 
(v,c,d)-covered if there is an interval I in u such tha t  

1. y E I ,  
2. there are at m o s t c  a-occurrences in INv ,  
3. there are 2d occurrences of d distinct symbols xj C S ( u ) , j =  1. . .d,  xj  <a  in I ,  

any of these symbols occurs twice in I .  

L e m m a  5.3. Suppose two integers k _> 2,d _> 1 are given. Then there exist two 
integers l > 2, c ~ 1 and two positive constants e, A > 0 such that for any l-regular 
ordered sequence (% < ) one of the following statements holds: 

1. t l_< ll ll, 
2. there is a k-regular subsequence v, v C_ u, Ivl _>  lul such that any occurrence in 

v is strongly (v, c, d)-covered. 

Proof .  We proceed by induct ion on d. To prove the s ta tement  for d = 1 we take a 
10k-regular ordered sequence (u, <) .  Then,  according to the previous l emma (r = 2), 
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either I~1 144011ull or there is a subsequence v c u, Ivl t~1 whose each element 
is in u (16,1)-covered. We apply Lemma 5.1 and choose a k-regular subsequence 
v' C_ v, Iv' I >_ (1@~)21u[. Any element of this sequence is still (16,1)-covered. We see 

1 2 that  for k_>2 ,d= l  we can put c=16,1=lOk,  A=1440  and e = ( ~ )  . 
Suppose the statement has been proved for d > 1 and any k_> 2. Our task is to 

derive the existence of the numbers c(k, d + 1), l(k, d + 1), A(k, d + 1) and e(k, d + 1) 
corresponding to a given d +  1, k. We show that it is possible to take 

l(k, d + 1) =/(1Ok, d), c(k, d + 1) = 8r, c(k, d + 1) = (1-~k)2c(lOk, d) 

and 

where 

720r 
A(k, d + 1) = max(A(10k, d), r d) ) 

r = d.  c(10k, d) + 2. 

Suppose (u,<)  is an ordered l (k ,d+ 1)-regular sequence. Then, according to the 
induction hypothesis, either ]u] < A(10k, d)]lu]] or there is a 10k-regular subsequence 
vl, Vl _C u, ]vl] _> r d)lul whose each element is strongly (vl, c(10k, d), d)-covered. 
Suppose the latter possibility holds. 

Now, according to Lemma 5.2, either Iv1]_< 720r]lvl ]] or there is a subsequence 
v2,v2 C_ Vl, Iv2] _ l l V l l  any element of which is (Sr, r -  1)-covered in v]. Suppose 
the latter possibility holds. 

Finally, we choose according to Lemma 5.1 a k-regular subsequence v3, v3 C v2 
where Iv31 > (~-~k)2MI. We prove that  any element of v3 is strongly (v3,c(k,d+ 
1 ) , d+  1)-covered. Let x E v3 be an a-occurrence. According to the choice of v2 
there is an interval I in Vl that  (8r, r -1) -covers  x. This implies that  there are r - 1  
symbols aj E S(u) , j  = 1 , 2 , . . . r - 1 , a j  < a any of which occurs twice in I and that  
there are at most 8r a-occurrences in I. 

We define I u as the interval in u spanned by I and show that  I u strongly 
(v3,c(k,d+ 1) ,d+  1)-covers x. Property 1. is obvious, property 2. requires that  
U n v 3  contains at most c(k, d+l )  a-occurrences which is true already for I = IuAVl . 
It remains to show that  3. holds. 

In case at least d + l  symbols aj are distinct we are finished. Otherwise (see the 
definition of r) some symbol, say al,  has 2c(10k, d)+l  occurrences in [ u. Denote the 
subsequence consisting of these occurrences as p. Now we make use of the choice of 
vl from u. We denote by J the interval in u which strongly (vl,c(lOk, d),d)-covers 
the middle element of p. Clearly J C I u. We see that  there are again d +  1 distinct 
symbols satisfying 3. for I u. Namely al  and those d symbols less then al  any of 
which occurs twice in J.  In the former possibilities it is easy to check that lu[ < 
A(k,d+ 1)IMI. ! 

Now we are able to prove Theorem B. Suppose u = ula2uBa is a se- 
quence, b 6 S(u) is a new symbol and i _> 1 is an integer. Our task is to 

prove Ex(ulabiau2ab i,n) : O(Ex(u ,n)) .  The lower bound Ex(ulabiau2ab i, n) = 
gt(Ex(u,n))  follows from u-~ulabiau2ab {. By Fact 2.2 it suffices to prove Ex( t ,n )  : 
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O(Ex(u ,n ) )  where t=ulab2au2ab. Put  k = d =  I1~11 in the previous lemma and let 
c, l, e and A be the corresponding constants guaranteed by this lemma. 

Suppose the sequence w is /-regular and does not contain t. We define the 
linear order (S(w) ,  <) by a < b iff the rightmost a-occurrence lies to the right of 
the rightmost b-occurrence. In the first case of the previous lemma Iwl _< AII~II  
Otherwise there is a 11 u]]-regular subsequence v, v c_ w, Iv[ _> e[w[ whose each element 
is strongly (v,c, II~ll)-covered We show tha t  v does not contain the sequence u ' =  
ula  2c+lu2a. 

(a*~2c+lu*a * s C v is equivalent to u f. Suppose on the contrary that  s - - u ~  j 2 ' --  

We denote by p the subsequence (a*) 2c+1 of s. The middle a*-occurrences in the 
subsequence p must be strongly (v,c, Ilull)-covered by an interval I in w. Let J be 
interval in w spanned by the first and by the last a*-occurrence in p. Clearly I C_ J.  
There are Ilull distinct symbols xi ,x i  < a*, i =  1,2, . . .  Ilull and each of them occurs 
twice in I .  By the definition of < each of these symbols occurs to the right of s. At 
least one of them is not an element of S(s)  and we get t -~ v which is a contradiction. 

Thus u17~ v and Ivl _< Ex(u ' ,  Ilvl l )<gEx(u,  II~ll) for some constant g according 
to Fact 2.2. Hence 

Together 

Iwl max{ rlwll, gEx( , I1 11)} = O(Ex( , IlwllD). 
We have proved tha t  

Zx( t ,  n, l) = O(Ex(u ,  n)). 

Finally, according to 2. of Fact 2.1, the estimate 

Ex(t ,  n) = Ez ( t ,  n, lltli) = O(Ex( t ,  n, l)) = O(Ex(u ,  n)) 

holds. The Theorem is proved. | 
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